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7UL�GRND]D�+HURQRYH�IRUPXOH�

$QHV�=��+DGåLRPHURYLü�

6$ä(7$.���,zUDþXQDYDQMH�SRYUãLQD�QHNH�ILJXUH�MHGDQ�MH�RG�YDåQLK�zDGDWDND�V�NRMLP�VH�þHVWR�VXVUHüHPR��$NR�MH�ILJXUX�
PRJXüH�UDVWDYLWL�QD�WURXJORYH��WDGD�VH�SRYUãLQD�ILJXUH�GRELMH�NDR�zELU�SRYUãLQD�WURXJORYD��8�WRP�VOXþDMX�NRULVWLPR�
+HURQRYX�IRUPXOX��

2YDM�þODQDN�VDGUåL�MHGDQ�RG�LzXzHWQR�zDQLPOMLYLK�L�HOHJDQWQLK�GRNDzD�+HURQRYH�IRUPXOH�VUHGQMRãNROcD�0LOHVD�(GZDUGVD��
REMDYOMHQRJ�X�$PHULcDQ�0DWKHPDWLcV�0RQWKO\��2QR�ãWR�MH�SRVHEQR�zDQLPOMLYR�MH�XSRWUHED�NRPSOHNVQLK�EURMHYD��L�GRNDz�
NRML�MH�EDzLUDQ�QD�MHGQRP�WULJRQRPHWULMVNRP�LGHQWLWHWX��

8�RYRP�UDGX�VH�EDYLPR�GRNDzRP�+HURQRYH�IRUPXOH�X�RNYLUX�UDzOLþLWLK�SRVWXSDND��1DYHVW�üHPR�WUL�GRNDzD��

.OMXþQH�ULMHþL��+HURQRYD�IRUPXOD��SRYãLQD��WURXJDR��WHRUHP�

7KUHH�3URRIV�RI�+HURQ
V�IRUPXOD�
$%675$&7��&DOcXODWLQJ�WKH�VXUIDcH�RI�DQ\�ILJXUH�LV�RQH�RI�WKH�PRVW�LPSRUWDQW�SUREOHPV�WKDW�ZH�RIWHQ�PHHW��LI�WKH�
ILJXUH�LV�SRVVLEOH�WR�GLYLGH�LQ�VHYHUDO�WULDQJOHV��WKDQ�WKH�ILJXUH
V�VXUIDcH�LV�WKH�VXP�RI�WKH�VXUIDcHV�RI�WKRVH�WULDQJOHV��
,Q�WKDW�cDVH��ZH�XVH�+HURQ
V�IRUPXOD�IRU�WKH�VXUIDcH���

7KLV�SDSHU�cRQWDLQV�RQH�RI�LQWHUHVWLQJ�DQG�HOHJDQW�SURRI�RI�WKH�+HURQ¶V�)RUPXOD�REWDLQHG�E\�KLJK�VcKRRO�VWXGHQW�0LOHV�
(GZDUGV��SXEOLVKHG�LQ�$PHULcDQ�0DWKHPDWLcV�0RQWKO\��7KH�SURRI�LV�LQWHUHVWLQJ�IRU�LWV�XVDJH�RI�cRPSOH[�QXPEHUV��$QG�
WKH�SURRI�ZLcK�LV�EDVHG�RQ�D�WLJRQRPHWU\�LGHQWLW\��

7KLV�ZRUN�PDLQO\� cRQVLGHUV� HYLGHQcH� RI� +HURQ
V� IRUPXOD� XVLQJ� GLIIHUHQW� DSSURDcKHV�� 7KH� WKUHH� HYLGHQcHV�ZLOO� EH�
SUHVHQWHG���

.H\ZRUGV��+HURQ
V�IRUPXOD��VXUIDcH��WULDQJOH��WKHRUHP�

�

892'��
,zUDþXQDYDQMH�SRYUãLQH�QHNH� ILJXUH� þHVW� MH� zDGDWDN��

$NR� MH� ILJXUX� PRJXüH� UDVWDYLWL� QD� WURXJORYH�� WDGD� VH�
SRYUãLQD� ILJXUH�GRELMD� NDR� zELU�SRYUãLQD� WLK� WURXJORYD��
1DMþHãüH�VH�SRYUãLQD�UDþXQD�Lz�SRzQDWLK�GXåLQD�VWUDQLcD�
LOL�VH�RYH�SUHWKRGQR�LzUDþXQDYDMX�Lz�SRzQDWLK�HOHPHQDWD�
NRML� RGUHÿXMX� WURXJDR�� 8� WRP� VH� VOXþDMX� zD� SRYUãLQX��
NRULVWL�+HURQRYD�IRUPXOD��

-HGDQ�RG�QDMSRzQDWLMLK�PDWHPDWLþDUD�X�UDzGREOMX�RNR
���VWROMHüD�S�Q�H��ELR�MH�+HURQ�Lz�$OHNVDQGULMH��1MHJRYR�
JODYQR�GMHOR�0HWULcD�VDVWRML�VH�RG�WUL�NQMLJH�NRMH�VH�EDYH�
SRYUãLQDPD� L� zDSUHPLQDPD� X� NRMLPD� SRVWRMH� VDPR�
SULPMHUL��EHz�GRNDzD��

2VQRYQD� LGHMD� RYRJ� þODQND� MHVWH� SULNDz� GRNDzD�
+HURQRYH�IRUPXOH�REMDYOMHQRJ�X�$PHULcDQ�0DWKHPDWLcV�
0RQWKO\� L� GRNDz� NRML� VH� EDzLUD� QD� MHGQRM�
WULJRQRPHWULMVNRM� MHGQDNRVWL�� DOL� üHPR� SUYR� SRNDzDWL�
NDNR� VH� GR� VDGD� LzYRGLR� WDM� GRNDz� X� VUHGQMRãNROVNLP�
XGåEHQLcLPD��

3295â,1$�5$Z12675$1,ý12*�7528*/$��
)RUPXOD� zD� LzUDþXQDYDQMH� SRYUãLQH� UDzQRVWUDQLþQRJ�

WURXJOD�NRMHP�VX�SRzQDWH�GXåLQH�VYH�WUL�VWUDQLcH���

ܲ = ඥݏ)ݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ)�

JGMH�MH��

ݏ =
ܽ + ܾ + ܿ

2 �

JGMH�VX�ܽ, ܾ�L�ܿ�GXåLQH�VWUDQLcD��

)RUPXOD� MH�REMDYOMHQD�QD� VDPRP�SRþHWNX�+HURQRYH�
NQMLJH� 0HWULcD�� NRMD� MH� SURQDÿHQD� ������ X�
.RQVWDQWLQRSROX� �YLãH� R� WRPH� X� UDGX� 6XOOLYDQ�� �������
6DPD�IRUPXOD�SULSLVXMH�VH�L�$UKLPHGX�����������S�Q�H����
V� REzLURP� GD� MH� 0HWULcD� zELUND� PDWHPDWLþNLK� zQDQMD�
NRMLPD�MH�UDVSRODJDR�DQWLþNL�VYLMHW��WH�MH�PRJXüH�GD�MX�
MH�+HURQ�VDPR�zDELOMHåLR��3UHPD�LzYRUX�.XUHSD���������
+HURQ� MH� åLYLR� X� SUYRP� VWROMHüX� S�Q�H��� GRN� MH� SUHPD�
6XOOLYDQX��������WR�ELOR�X�SUYRP�VWROMHüX�Q�H��

)RUPXOD�HNYLYDOHQWQD�+HURQRYRM��D�zDSLVDQD�X�REOLNX��
�

ܲ =
1
2

ඨܽଶܿଶ − ቆ
ܽଶାܿଶ − ܾଶ

2 ቇ
ଶ

�

�
ELOD� MH� SRzQDWD� L� X� GUHYQRM� .LQL�� D� RWNULYHQD� MH�

QHzDYLVQR� RG� *UND�� 1MX� PRåHPR� QDüL� X� GMHOX� 'HYHW�
NQMLJD�R�PDWHPDWLþNRM�YMHãWLQL��6KXVKX�-LXzKDQJ���NRMH�
MH�REMDYLR�4LQ�-LXVKDR�������JRGLQH��

�
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6WDQGDUGQL�GRND]��
.DR�ãWR�VPR�YHü�YLGMHOL�X�SRYãLQDPD�UDzQRVWUDQLþQR

WURXJOD�� +HURQRYD� IRUPXOD� VH� PRåH� zDSLVDWL� X� REOLNX�
WHRUHPD�QD�VOMHGHüL�QDþLQ��'DNLü�L�(OHzRYLü����������

7HRUHP����$NR�VWUDQLcH�WURXJOD�LPDMX�GXåLQH�ܽ, ܾ�L�ܿ��
WDGD�MH�SRYUãLQD�WRJ�WURXJOD�GDWD�VD�

 ܲ = ඥݏ)ݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ) ��� 

'RND]�
1HND�MHܥ��YUK�WURXJOD��WDNDY�GD�PX�MH�SULSDGQL�XJDR�

RãWDU�� 1HND� MH� ܰ� SRGQRåMH� YLVLQH� Lz� YUKD� ��ܥ 7DGD� MH�
ȁܰܥതതതതȁ = �.௖ݒ 1HND� MH� ȁܰܣതതതതȁ = ��ݔ WDGD� MH� ȁܰܤതതതതȁ = ȁܤܣതതതതȁ −
ȁܰܣതതതതȁ = ܿ − �.ݔ

�

6OLND����7URXJDR�Δܥܤܣ�V�SULSDGDMXüRP�YLVLQRP�

.DNR�MH�WURXJDR�Δܥܰܣ�SUDYRXJOL��D�NDWHWH�PX�LPDMX�
GXåLQX� ��ݔ �௖ݒ L� KLSRWHQXzD� GXåLQX� ܾ�� SR� 3LWDJRULQRP�
WHRUHPX�YULMHGL�

�
௖ݒ

ଶ = ܾଶ −  ��� .ଶݔ

2EzLURP� GD� MH� Δܤܰܥ� SUDYRXJOL�� D� NDWHWH� PX� LPDMX�
GXåLQXݒ�௖,�ܿ − ��L�KLSRWHQXzD�GXåLQX�ܽ��SR�3LWDJRULQRPݔ
WHRUHPX�YULMHGL�

�

௖ݒ 
ଶ = ܽଶ − (ܿ −  ��� .ଶ(ݔ

,z�����L�����VOLMHGL�
ܾଶ − ଶݔ = ܽଶ − (ܿ − �ଶ(ݔ

                            = ܽଶ − ܿଶ + ݔ2ܿ − �,ଶݔ
ݔ2ܿ           = −ܽଶ + ܾଶ + ܿଶ�

ݔ               =
−ܽ2 + ܾ2 + ܿ2

2ܿ
� ����

�
8YUãWDYDQMHP�����X�����GRELMH�VH�
�

௖ݒ
ଶ = ܾଶ − ቆ

−ܽଶ + ܾଶ + ܿଶ

2ܿ ቇ
ଶ

 

       = ቆܾ −
−ܽଶ + ܾଶ + ܿଶ

2ܿ ቇ ቆܾ +
−ܽଶ + ܾଶ + ܿଶ

2ܿ ቇ 

       = ቆ
2ܾܿ + ܽଶ − ܾଶ − ܿଶ

2ܿ ቇ ቆ
2ܾܿ − ܽଶ + ܾଶ + ܿଶ

2ܿ ቇ�

       = ቆ
ܽଶ − (ܾ − ܿ)ଶ

2ܿ ቇ ቆ
(ܾ + ܿ)ଶ − ܽଶ

2ܿ ቇ�

       = ቆ
(ܽ − ܾ + ܿ)(ܽ + ܾ − ܿ)

2ܿ ቇ ቆ
(ܾ + ܿ − ܽ)(ܾ + ܿ + ܽ)

2ܿ ቇ�

       = ቆ
(ܽ − ܾ + ܿ)(ܽ + ܾ − ܿ)(ܾ + ܿ − ܽ)(ܾ + ܿ + ܽ)

4ܿଶ ቇ�

       =
ݏ2)ݏ2 − ݏ2)(2ܽ − ݏ2)(2ܾ − 2ܿ)

4ܿଶ �

       =
ݏ)ݏ4 − ݏ)(ܽ − ݏ)(ܾ − ܿ)

ܿଶ ,�
௖ݒܿ
2 = ඥݏ)ݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ),�

   ܲ = ඥݏ)ݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ),�
ãWR�MH�WUDåHQD�+HURQRYD�IRUPXOD������

�

'RND]�XSRWUHERP�NRPSOHNVQLK�EURMHYD��
8�RYRP�SRJODYOMX�üHPR�LzORåLWL�GRNDz�NRML�VH�PRåH�QDüL�

X�OLWHUDWXUQRP�LzYRUX�(GZDUGV���������

1HND� MH� �ܫ VUHGLãWH� XSLVDQH� NUXåQLcH� Δܥܤܣ�
SROXSUHþQLNDݎ���

1HND�VX�GDOMH�ܽ = ݕ + ܾ��ݖ = ݔ + ܿ��ݖ = ݔ + ��GXåLQHݕ
VWUDQLcD� QD� VXSURW� YUKRYD� ,ܣ �ܤ L� ��ܥ 3ULPLMHWLPR� GD� MH�
SRORYLQD�RELPD�GDWD�VDݏ� = ݔ + ݕ + �.ݖ

2þJOHGQR�GD�MH��

ߙ2 + ߚ2 + ߛ2 = ��ߨ2
ߙ + ߚ + ߛ = ��ߨ

.RULVWHüL� SROXSUHþQLN� XSLVDQH� NUXåQLcH� ��ݎ UHDOQH�
EURMHYHݒ��ݑ��ݖ��ݕ��ݔ��Lݓ��WH�XJORYHߚ��ߙ��Lߛ���GHILQLãHPR�
NRPSOHNVQH�EURMHYH��

ݎ) + ݎ)��(ݔ݅ + ݎ)��L(ݕ݅ + ��(ݖ݅

WDNYH�GD�MH��

ݎ + ݔ݅ = ݎ������,௜ఈ݁ݑ + ݕ݅ = ݎ������,௜ఉ݁ݒ + ݖ݅ = �௜ఊ݁ݓ

6DGD�MH��

 
ݎ) + ݎ)(ݔ݅ + ݎ)(ݕ݅ + �(ݖ݅
= ൫݁ݑ௜ఈ൯൫݁ݒ௜ఉ൯൫݁ݓ௜ఊ൯�
= ௜(ఈାఉାఊ)݁ݓݒݑ = ௜గ݁ݓݒݑ =  .ݓݒݑ−

����

 

6OLND����7URXJDR�Δܥܤܣ�V�SULSDGDMXüLP�SROXSUHþQLNRP�
XSLVDQH�NUXåQLcH�
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6�GUXJH�VWUDQH��OLMHYD�VWUDQD�����MHGQDND�MH�
ݎ) + ݎ)(ݔ݅ + ݎ)(ݕ݅ + (ݖ݅

= ଷݎ + ݔଶݎ݅ + ݕଶݎ݅ + ݖଶݎ݅ − ݕݔݎ
− ݖݔݎ − ݖݕݎ − �.ݖݕݔ݅

,zMHGQDþDYDMXüL�UHDOQL�L�LPDJLQDUQL�GLR�GRELMHPR��
0 = ݎ)ሾ݉ܫ + ݎ)(ݔ݅ + ݎ)(ݕ݅ + ሿ(ݖ݅ = ݔ)ଶݎ + ݕ + (ݖ − �ݖݕݔ
6DGD�MH��

ݎ = ඨ
ݖݕݔ

ݔ + ݕ + ݖ

= ඨ൫ݏ − ݕ) + ݏ൯൫(ݖ − ݔ) + ݏ൯൫(ݖ − ݔ) + ൯(ݕ
ݏ .�

.DNR�MH�ܽ = ݕ + ܾ��ݖ = ݔ + ܿ��ݖ = ݔ + �ݕ
ݏ = ݔ + ݕ + ��ݖ

WR�MH��

ݎ = ඨ(ݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ)
ݏ .�

.DNR�MH�SRYUãLQD�Δܥܤܣ�MHGQDND�zELUX�SRYãLQD�WRUXJOD�
Δܤܫܣ��ΔBܥܫ�L�Δܣܫܥ��WR�MH�YLGOMLYR�GD�PRåHPR�SLVDWL�

Δܥܤܣ = �Δܤܫܣ ∪ �Δܥܫܤ ∪ Δܣܫܥ.�
�

 ܲ =
ݎܽ

2
+

ݎܾ

2
+

ݎܿ

2
=

1

2
(ܽ + ܾ + ݎ(ܿ

= ݔ) + ݕ + ݎ(ݖ =  ݎݏ
��� 

ܲ = ݏ ∙ ඨ(ݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ)
ݏ �

ܲ = ඥݏ)ݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ)�
.OMXþQX� XORJX� LJUD� UHODcLMD� ���� Lz� NRMH� VH� YLGL� GD� MH�

SURLzYRG�NRPSOHNVQLK�EURMHYD��
ݎ) + ݎ)(ݔ݅ + ݎ)(ݕ݅ + �(ݖ݅

UHDODQ�EURM��SD�PX�MH�LPDJLQDUQD�YULMHGQRVW�MHGQDND�0��
2YD� þLQMHQLcD� VH� NRULVWL� zD� MHGQRVWDYQR� LzUDþXQDYDQMH�
SROXSUHþQLND� WURXJOD� XSLVDQH� NUXåQLcH� NRMD� VH� QD�
MHGQRVWDYDQ�QDþLQ�PRåH�LzUDzLWL� �SUHNR�SRORYLQH�RELPD�
���ݏ

'RND]�XSRWUHERP�WULJRQRPHWULMVNRJ�LGHQWLWHWD��
'RNDz�SURYRGLPR�X�GYD�NRUDND��8�SUYRP�GRNDzXMHPR�

MHGQX� OHPX�� D� X� GUXJRP� NRUDNX�� QD� RVQRYX� OHPH�
GRNDzXMHPR�+HURQRYX�IRUPXOX���

/HPD��$NR�MHߙ� + ߚ + ߛ = ���RQGD�YULMHGL�MHGQDNRVWߨ

 
݃ݐܿ

ߙ

2
+ ݃ݐܿ

ߚ

2
+ ݃ݐܿ

ߛ

2

= ݃ݐܿ
ߙ

2
∙ ݃ݐܿ

ߚ

2
∙ ݃ݐܿ

ߛ

2
�. 

����

'UXJLP� ULMHþLPD�� OHPD� WYUGL� GD� MH� zELU� NRWDQJHQVD�
SRORYLQH�XJORYD�MHGQDN�SURLzYRGX�NRWDQJHQVD�SRORYLQH�
XJORYD��

'RND]�OHPH��1HND�MHߙ� + ߚ + ߛ = ���VOLMHGL�GD�MHߨ

ߛ = ߨ − ߙ) +  ,(ߚ
ߛ
2 =

ߨ
2 −

ߙ + ߚ
2 . 

7R�MH�

݃ݐܿ
ߛ
2 = ݃ݐ

ߙ + ߚ
2 . 

3D�PRåHPR�SLVDWL�GD�MH�

 

݃ݐܿ
ߙ
2 + ݃ݐܿ

ߚ
2 + ݃ݐܿ

ߛ
2 = ݃ݐܿ

ߙ
2 ∙ ݃ݐܿ

ߚ
2 ∙ ݃ݐܿ

ߛ
2

= ݃ݐܿ
ߙ
2 ∙ ݃ݐܿ

ߚ
2 ∙ ݃ݐ

ߙ + ߚ
2

=
1

݃ݐ ߙ
2

+
1

݃ݐ ߚ
2

+
݃ݐ ߙ

2 + ݃ݐ ߚ
2

1 − ݃ݐ ߙ
2 ∙ ݃ݐ ߚ

2
 

��� 

6UHGLPR�OL�GHVQX�VWUDQX�X�IRUPXOL�����VOLMHGL�

 

݃ݐܿ
ߙ
2 ∙ ݃ݐܿ

ߚ
2 ∙ ݃ݐ

ߙ + ߚ
2

=
݃ݐ ߙ

2 + ݃ݐ ߚ
2

݃ݐ ߙ
2 ∙ ݃ݐ ߚ

2

+
݃ݐ ߙ

2 + ݃ݐ ߚ
2

1 − ݃ݐ ߙ
2 ∙ ݃ݐ ߚ

2
 

��� 

1DNRQ�VDELUDQMD�þODQRYD�QD�GHVQRM�VWUDQL� MHGQDNRVWL�
����GRELMHPR�

 

݃ݐܿ                  
ߙ
2 ∙ ݃ݐܿ

ߚ
2 ∙ ݃ݐ

ߙ + ߚ
2

=
1

݃ݐ ߙ
2

∙
1

݃ݐ ߚ
2

∙
݃ݐ ߙ

2 + ݃ݐ ߚ
2

1 − ݃ݐ ߙ
2 ∙ ݃ݐ ߚ

2
 

�����

6DGD� PRåHPR� XRþLWL� GD� QDP� MH� GHVQD� VWUDQD�
MHGQDNRVWL�������GUXJL�zDSLV�IRUPXOH�����

݃ݐܿ
ߙ
2 + ݃ݐܿ

ߚ
2 + ݃ݐܿ

ߛ
2 = ݃ݐܿ

ߙ
2 ∙ ݃ݐܿ

ߚ
2 ∙ ݃ݐܿ

ߛ
2 . 

1D�WDM�QDþLQ�MH�OHPD�GRNDzDQD��
=D�GRNDz�+HURQRYH�IRUPXOH�SRVPDWUDMPR�VOLNX��JGMH�

MH�X�Δܥܤܣ�XSLVDQD�NUXåQLcD�SROXSUHþQLNDݎ�.�
3UHPD�VOLcL����JGMH�VX�VWUDQLcH�ܽ, ܾ�L�ܿ�RzQDþHQH�V�ܽ =

ݕ + ��ݖ ܾ = ݔ + ��ݖ ܿ = ݔ + ��ݕ D� ݏ = ݔ + ݕ + ��ݖ PRåHPR�
SULPLMHWLWL�GD�YULMHGL��

ݔ  = ݏ − ݕ     ,ܽ = ݏ − ݖ     ,ܾ = ݏ − ܿ. �����

,z�VOLNH��WDNRÿHU��þLWDPR�GD�MH��

݃ݐܿ 
ߙ
2 + ݃ݐܿ

ߚ
2 + ݃ݐܿ

ߛ
2 =

ݔ
ݎ +

ݕ
ݎ +

ݖ
ݎ =

ݏ
����� .ݎ

$�V�GUXJH�VWUDQH�LPDPR�

݃ݐܿ 
ߙ
2 ∙ ݃ݐܿ

ߚ
2 ∙ ݃ݐܿ

ߛ
2 =

ݔ
ݎ ∙

ݕ
ݎ ∙

ݖ
ݎ =

ݖݕݔ
ଷݎ . ���� 

,z�IRUPXOD������L������D�QD�RVQRYX�OHPH�����YUL

ݏ 
ݎ =

ݖݕݔ
ଷݎ  ���� 

0QRåHüL�REMH�VWUDQH�UHODcLMH������VDݎݏ�ଷ�XYDåDYDMXüL�
����GRELMHPR�GD�MH�

 ܲଶ = ଶݎଶݏ =  ���� .ݖݕݔݏ
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,�NRQDþQR�Lz������L������GRELMHPR�+HURQRYX�IRUPXOX�
����

ܲ = ඥݏ)ݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ). 

Z$./-8ý$.�

+HURQRYD� IRUPXOD� MH� SRVHEDQ� VOXþDM� � IRUPXOH� zD�
SRYUãLQX� WUDSHzD� NRMD� NRULVWL� VDPR�QMHJRYH� VWUDQLcH�� L�
PRåH� VH� GRELWL� Lz� QMH�� XNROLNR� VH� XzPH� GD� MH� PDQMD�
RVQRYLcD�WUDSHzD��MHGQDND�QXOL���

6WRJD�� +HURQRYD� � IRUPXOD� MH� VSHcLMDOQL� VOXþDM�
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