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Generalisani skalarni proizvod u nekim banahovim prostorima 

$PLQD�âDKRYLü��SHDG�3HcR�
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UVOD  
8� UDGX� �9DM]RYLü� L� âDKRYLü�� ������ MH� X� ܺ�� ܺ�

NRPSOHNVDQ�� UHIOHNVLYDQ�� VWULNWQR�NRQYHNVDQ�%DQDcKRY�
SURVWRU�V�*aොWHDX[�GLIHUHQcLMDELOQRP�QRUPRP��XYHGHQD�
IXQNcLMD�

ሺݔ, ሻݕ ≔ ,ݔۃ ۄݕ − ,ݔۃ݅ ,ۄݕ ,ݔ ���ܺ߳ݕ ����������������������
SUL�þHPX�MH�IXQNcLMDۄ∙,∙ۃ�: ܺ × ܺ → ܴ�GHILQLVDQD�VD�
�

,ݔۃ ۄݕ ≔ ԡݔԡ lim
௧↘଴

ԡ௫ା௧௬ԡିԡ௫ԡ
௧

� , ,ݔ ݕ ∈ ܺ�� ��������

�
D� NDVQLMH� NRULãWHQD� X� UDGRYLPD� �âDKRYLü�� 9DM]RYLü� L

3HcR��������L��âDKRYLü��9DM]RYLü�L�3HcR���������
8YHGHüL� QRYX� RSHUDcLMX� VDELUDQMD� X� SURVWRU� ;��

SRND]DüHPR� �WHRUHP� ����� GD� MH� X� WDNYRP� � SURVWRUX��
IXQNcLMD� GHILQLVDQD� VD� ������� JHQHUDOLVDQL� VNDODUQL
SURL]YRG�X�VOMHGHüHP�VPLVOX��
D� ]D� VYDNL� ,ܺ߳ݔ ሺݔ, �ሻݕ MH� QHSUHNLGDQ� OLQHDUQL�

IXQNcLRQDO�SR�\�L�YULMHGL��
ȁሺݔ, ሻȁݕ ≤ ԡݔԡԡݕԡ, ,ݔ �ܺ߳ݕ �QHMHGQDNRVW� &DXcK\�

ScKZDU]�%XQLDNRYVN\RJ���
E� IXQNcLMD�ሺ∙,∙ሻ�MH�DQWLOLQHDUQD�SR�SUYRM�YDULMDEOL��
8YHGLPR�QHNH�SRMPRYH�L�WHRUHPH�NRMH�üHPR�NRULVWLWL�

X�UDGX��
7DSLD� MH� X� �7DSLD�� ������ SRND]DR� GD� MH� VYDNL�

QRUPLUDQL� OLQHDUQL� SURVWRU� ܺ� SURVWRU� V� JHQHUDOLVDQLP�
VNDODUQLP�SURL]YRGRPۄ∙,∙ۃ��X�VPLVOX�GD�MH�
D� ԡݔԡଶ = ,ݔۃ ݔ����,ۄݔ ∈ ܺ,�
E� ȁݔۃ, ȁۄݕ ≤ ԡݔԡԡݕԡ,� � �QHMHGQDþLQD�&DXVK\�ScKZDU]�

%XQLDNRYVN\��
c� $NR� MH� ሾݔ, �ሿݕ VNDODUQL� SURL]YRG� X� ܺ�� WDGD� MH��

,ݔۃ ۄݕ = ሾݔ, ,ݔ�ሿ�]D�VYDNLݕ ��ܺ߳ݕ

3UL�WRPH�VH�VPDWUDOR�GD�MH�ܺ�UHDODQ�SURVWRU��7YUGQMD�
c�� YULMHGL� X� WRP� VOXþDMX�� 8� VOXþDMX� NDGD� MH� ܺ�
NRPSOHNVDQ�+LOEHUWRY�SURVWRU��YULMHGLݔۃ�, ۄݕ = ܴ݁ሾݔ, ��ሿݕ

�
,]� VDPH� GHILQcLMH� IXQNcLMH� ��ۄ∙,∙ۃ ODNR� VOLMHGH� VOMHGHüH�

RVRELQH��
,ݔܽۃ �� ۄݕ = ,ݔۃ ۄݕܽ = ,ݔۃܽ ܽ����,ۄݕ ≥ 0,�
,ݔۃ �� ଵݕ + ۄଶݕ ≤ ,ݔۃ ۄଵݕ + ,ݔۃ ,ݔ���,ۄଶݕ ,ଵݕ ଶݕ ∈ ܺ�
�� ȁݔۃ, ۄଵݕ − ,ݔۃ ȁۄଶݕ ≤ ԡݔԡԡݕଵ − ,ଶԡݕ ,ݔ ,ଵݕ ଶݕ ∈ ܺ��
Definicija 1. $NR�X�QRUPLUDQRP�OLQHDUQRP�SURVWRUX�

ܺ�SRVWRML�lim
௧→଴

ԡ௫ା௧௬ԡିԡ௫ԡ
௧

�]D�VYDNLݔ�, ݕ ∈ ܺ��WDGD�]D�QRUPX�
X�ܺ�NDåHPR�GD�MH�*aොWHDX[�GLIHUHQcLMDELOQD��

 
Teorem 1. SOMHGHüH�L]MDYH�VX�HNYLYDOHQWHQH�

D� 1RUPD�X�ܺ�MH�*aොWHDX[�GLIHUHQcLMDELOQD��
E� ݔܽۃ, ۄݕ = ,ݔۃܽ ,ۄݕ ܽ ∈ ℝ,�
c� ݔۃ, ۄݕܽ = ,ݔۃܽ ,ۄݕ ܽ ∈ ℝ,�
G� ݔۃ, ଵݕ + ۄଶݕ = ,ݔۃ ۄଵݕ + ,ݔۃ ,ݔ���,ۄଶݕ ,ଵݕ ଶݕ ∈ ܺ�
H� ݔۃ, ۄݕ = ��ሻݕሻሺݔሺܬ JGMH� MH� ]D� ݔ ∈ ܺ, ሻݔሺܬ ≔

ሼ݂ ∈ ܺ∗: ԡ݂ԡ = ԡݔԡ, ݂ሺݔሻ = ԡݔԡଶሽ,�
I� ܬሺݔሻ�LPD�VDPR�MHGDQ�HOHPHQDW��

�
Dokaz� GD� MH� L]MDYD� D�� HNYLYDOHQWQD� L]MDYL� I�� MH� GDR�
0D]XU���������2VWDOR�MH�GRND]DR�7DSLD���������
Definicija 2. =D�QRUPLUDQL� OLQHDUQL�SURVWRU�ܺ� NDåHPR�
GD�MH�VWULNWQR�NRQYHNVDQ��DNR��

ԡݔ + ԡݕ = ԡݔԡ + ԡݕԡ ⟹ ݔ = �ݕܽ
=D�QHNL�UHDODQ�ܽ ≥ 0��Lݔ�, ݕ ∈ ܺ.�
Teorem 2. $NR�MH�QRUPD�X�ܺ�*aොWHDX[�GLIHUHQcLMDELOQD�L�
DNR� MH� ܺ� VWULNWQR� NRQYHNVDQ�� WDGD� VX� VOMHGHüH� L]MDYH�
HNYLYDOHQWQH�
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D� ȁݔۃǡ ȁۄݕ ൌ ԡݔԡ ή ԡݕԡ�
E� ݔ ൌ �ݕܽ
]D�QHNL�UHDODQ�ܽ�Lݔ�ǡ ݕ א ܺǤ�

Dokaz. 7DSLD��7DSLD���������
�
8�7DSLD��������MH�GRND]DQ�VOMHGHüL�WHRUHP��
Teorem 3. 1HND�MH�ܺ�UHDODQ�%DQDKRY�SURVWRU��
7DGD�YULMHGL�

5LHV]�UHSUHVHQWDWLRQ�WHRUHP

��
=D�VYDNLߜ� א ఋݔ��SRVWRMLכܺ א ܺ�WDNDY�GD�MH��

ԡݔఋԡ ൌ ԡߜԡ�Lݔۃ�ఋǡ ۄݕ ൌ ݕ�ሻ�]D�VYHݕሺߜ א ܺ�
DNR� L� VDPR� DNR� MH� ܺ� UHIOHNVLYDQ� V� *�ොWHDX[�
GLIHUHQcLMDELOQRP� QRUPRP�� 8]� WR�� �ఋݔ MH� MHGLQVWYHQ� L�
SUHVOLNDYDQMH� ߜ ՜ �ఋݔ MH�QHSUHNLGQR� L]�ܺכ� �SUL� þHPX� MH�
�SUL�þHPX�MH�ܺ���VQDEGMHYHQ�QRUPD�WRSRORJLMRP��X�ܺכܺ
VQDEGMHYHQ� VODERP� WRSRORJLMRP��DNR� L� VDPR�DNR� MH�ܺ�
MRã�L�VWULNWQR�NRQYHNVDQ��

GENERALISANI SKALARNI PROIZVOD 
1HND� MH� ܺ�NRPSOHNVDQ�� UHIOHNVLYDQ�� VWULNWQR�

NRQYHNVDQ� %DQDcKRY� SURVWRU� V� *�ොWHDX[�
GLIHUHQcLMDELOQRP� QRUPRP�� 8YHGLPR� X� ܺ� QRYX�
RSHUDcLMX�VDELUDQMD�Ä൅ෝ³�VD�

ݕ൅ෝݔ ؔ ߮൫߮ିଵሺݔሻ ൅ ߮ିଵሺݕሻ൯ǡ ǡݔ ��ܺ߳ݕ ����

SUL� þHPX� VPR� VD� ߮� R]QDþLOL� WUDQVIRUPDcLMX� NRMD�
VYDNRPכܺ߳ߜ��SULGUXåXMHݔ�ఋ א ܺ� �YLGMHWL�7HRUHP�����ܺכ�
GXDOQL�SURVWRU�SURVWRUD�ܺ���
.DNR� MH� SURVWRU� ܺ� VQDEGMHYHQ� RYRP� QRYRP�

RSHUDcLMRP� VDELUDQMD� Ä൅ෝ³�� L]RPHWULþNL� L]RPRUIDQ�
SURVWRUX�ܺכ�� WR� SURVWRU� ሺܺǡ ൅ෝሻ� PRåHPR� SRLVWRYMHWLWL� V�
SURVWRURP�ܺכ��L�SLVDWL��ܺכ ൌ ሺܺǡ ൅ෝሻ��
�
Teorem 4. 8� SURVWRUX� ሺܺǡ ൅ෝሻ�� ܺ� NRPSOHNVDQ��

UHIOHNVLYDQ�� VWULNWQR� NRQYHNVDQ� %DQDcKRY� SURVWRU� V�
*�ොWHDX[�GLIHUHQcLMDELOQRP� QRUPRP�� IXQNcLMD��
GHILQLVDQD� VD� ����� MH� JHQHUDOLVDQL� VNDODUQL� SURL]YRG� X�
VOMHGHüHP�VPLVOX��
]D�VYDNLܺ߳ݔ�ǡ ሺݔǡ �ሻݕ MH�QHSUHNLGDQ� OLQHDUQL� IXQNcLRQDO�

SRݕ��L�YULMHGL���
D� ȁሺݔǡ ሻȁݕ ൑ ԡݔԡԡݕԡǡ ǡݔ ��ܺ߳ݕ
E� IXQNcLMD� ሺήǡήሻ� MH� DQWLOLQHDUQD� SR� SUYRM�

YDULMDEOL��
Dokaz. 'RND]� WYUGQMH� SRG� D�� GLUHNWQR� VOLMHGL� L]�

GHILQLcLMH� ሺͳሻ�� RVRELQD� IXQNcLMH� ��ۄήǡήۃ GHILQLVDQH� VD� �����
QDYHGHQLK� X� XYRGX�� þLQMHQLcH� GD� MH� SURVWRU� ܺ�
NRPSOHNVDQ�� UHIOHNVLYDQ�� VWULNWQR�NRQYHNVDQ�%DQDcKRY�
SURVWRU�V�*�ොWHDX[�GLIHUHQcLMDELOQRP�QRUPRP�L�7HRUHPD�
���
'RNDåLPR�WYUGQMX�SRG�E����
SWDYLPR�

ǡݔۃ ̰ۄݕ ؔ ԡݔԡ ���
௧բ଴

ԡ௫ାෝ௧௬ԡିԡ௫ԡ
௧

� ǡ ǡݔ ݕ א ܺ�� �������

9ULMHGL�
ǡݔۃ ̰ۄݕ ൌ ǡݕۃ ǡݔ�D�VYH[�ۄݔ ݕ א ܺ�� �������
=DLVWD�SUHPD������]D�ԡݔԡ ൌ ͳ�LPDPR�

ǡݔۃ ̰ۄݕ ൌ ԡݔԡ ���
௧բ଴

ԡݔ൅ෝݕݐԡ െ ͳ
ݐ ൒��

൒ ���
௧բ଴

ͳ ൅ ǡݕۃݐ ۄݔ െ ͳ
ݐ ൌ ǡݕۃ �ۄݔ

MHU�MHݔ�൅ෝݕݐ ൌ ߮൫߮ିଵሺݔሻ ൅ ߮ିଵሺݕݐሻ൯�L��
ԡݔ൅ෝݕݐԡ ൌ ԡ߮ିଵሺݔሻ ൅ ߮ିଵሺݕݐሻԡ �

ൌ ���
ԡ௨ԡୀଵ

ห൫߮ିଵሺݔሻ ൅ ߮ିଵሺݕݐሻ൯ሺݑሻห ൒�

൒ ൫߮ିଵሺݔሻ ൅ ߮ିଵሺݕݐሻ൯ሺݔሻ ൌ ǡݔۃ ۄݔ ൅ ǡݕݐۃ ۄݔ ൌ�
ൌ ԡݔԡଶ ൅ ǡݕۃݐ ۄݔ ൌ ͳ ൅ ǡݕۃݐ ԡݔD�ԡ[��ۄݔ ൌ ͳǤ�
=ERJ�UHIOHNVLYQRVWL�SURVWRUD�ܺ�L�ܺכ��]D�VYDNL��

ݐ ൌ ଵ
ଵ

ǡ ଵ
ଶ

ǡ ڮ ǡ ଵ
௡

ǡ �ڮ PRåHPR� QDüL� ௧ݔ א ܺǡ ԡݔ௧ԡ ൌ ͳ�� WDNR�
GD�MH��

ԡݔ൅ෝݕݐԡ ൌ ǡݕݐ൅ෝݔۃ �Ǥۄ௧ݔ
7DGD�]D�ԡݔԡ ൌ ͳ��LPDPR�

ԡݔ൅ෝݕݐԡ െ ԡݔԡ
ݐ ൌ

ǡݕݐ൅ෝݔۃ ۄ௧ݔ െ ԡݔԡ
ݐ ൌ�

ൌ
ǡݔۃ ۄ௧ݔ ൅ ǡݕۃݐ ۄ௧ݔ െ ԡݔԡ

ݐ Ǥ�

=ERJݔۃ�ǡ ۄ௧ݔ ൑ ԡݔԡ ή ԡݔ௧ԡ ൌ ԡݔԡ��L]�SRVOMHGQMH�MHGQDNRVWL�
VOLMHGL��

ԡݔ൅ෝݕݐԡ െ ԡݔԡ
ݐ ൑

ǡݕۃݐ ۄ௧ݔ
ݐ ൌ ǡݕۃ �Ǥۄ௧ݔ

2GDYGH��]ERJ�WRJD�ãWR�MH�

ǡݔۃ ̰ۄݕ ൌ ���
௧բ଴

ԡݔ൅ෝݕݐԡ െ ԡݔԡ
ݐ ൑

ԡݔ൅ෝݕݐԡ െ ԡݔԡ
ݐ �

]D� VYH� ݐ ൌ ଵ
ଵ

ǡ ଵ
ଶ

ǡ ڮ ǡ ଵ
௡

ǡ �ڮ MHU� MH� ԡ௫ାෝ௧௬ԡିԡ௫ԡ
௧

� QHRSDGDMXüD�
IXQNcLMD�RGݐ���LPDPR�
ǡݔۃ ̰ۄݕ ൑ ǡݕۃ ݐ��D�VYH�VYH[�ۄ௧ݔ ൌ ଵ

ଵ
ǡ ଵ

ଶ
ǡ ڮ ǡ ଵ

௡
ǡ ��ڮ

1L]� ሼݔ௧ሽǡ ݐ ൌ ଵ
ଵ

ǡ ଵ
ଶ

ǡ ڮ ǡ ଵ
௡

ǡ �ڮ MH� RJUDQLþHQ� QL]� X�
UHIOHNVLYQRP� SURVWRUX�� SD� VH� L]� QMHJD� PRåH� L]GYRMLWL�
SRGQL]�� NRMHJ� üHPR� SRQRYR� R]QDþLWL� VD� ��௧ݔ NRML� VODER�
NRQYHUJLUD�ND�QHNRPݔ�଴�NDGDݐ� ՜ Ͳ��ãWR�SLãHPR�

௧ݔ
����௪�����
ሱۛ ሮۛ ݐ଴ሺݔ ՜ Ͳሻ�

L�]D�NRML�YULMHGLݔۃ�ǡ ̰ۄݕ ൑ ǡݕۃ ���ۄ௧ݔ
2WXGD�� SXãWDMXüL� GD� ݐ ՜ Ͳ� L]� SSRVOMHGQMH� QHMHGQDNRVWL�
GRELMDPR�
ǡݔۃ ̰ۄݕ ൑ ǡݕۃ ��ۄ଴ݔ � � ����
3UL�WRPH�MH�ԡݔ଴ԡ ൑ ͳ��MHU�MH�ԡݔ௧ԡ ൌ ͳ�]D�VYH�

ݐ ൌ ଵ
ଵ

ǡ ଵ
ଶ

ǡ ڮ ǡ ଵ
௡

ǡ ௧ݔ����Lڮ
����௪�����
ሱۛ ሮۛ ���଴ݔ

S�GUXJH�VWUDQH��YULMHGL�
ԡݔ൅ෝݕݐԡ ൌ ǡݕݐ൅ෝݔۃ ۄ௧ݔ ൌ ǡݔۃ ۄ௧ݔ ൅ ǡݕۃݐ ۄ௧ݔ ՜ ǡݔۃ �ۄ଴ݔ

�NDGDݐ� ՜ Ͳ��SUHNR�RYRJ�SRGQL]D���
$OL��RþLWR�YULMHGL�L�
ԡݔ൅ෝݕݐԡ ՜ ԡݔԡNDGDݐ� ՜ Ͳ��
2WXGD��LPDPR��
ԡݔԡ ൌ ǡݔۃ ��ۄ଴ݔ
2GDYGH��L�L]�ԡݔԡ ൌ ͳ��ԡݔ଴ԡ ൑ ͳ��VOLMHGL�
ͳ ൌ ԡݔԡ ൑ ԡݔԡ ή ԡݔ଴ԡ ൑ ͳ ή ͳ ൌ ͳǡ�RGDNOH�MH�ԡݔ଴ԡ ൌ ͳǤ�
=QDþL��LPDPR�
ǡݔۃ ۄ଴ݔ ൌ ͳ ൌ ԡݔԡ ή ԡݔ଴ԡ��
RGDNOH�� ]ERJ� VWULNWQH� NRQYHNVQRVWL� SURVWRUD� ܺ�� VOLMHGL�
ݔ ൌ �଴Ǥݔ
SDGD� L]� ���� GRELMDPR� ǡݔۃ ̰ۄݕ ൑ ǡݕۃ �ۄݔ ãWR� ]DMHGQR� VD�
ǡݔۃ ̰ۄݕ ൒ ǡݕۃ �������GDMHۄݔ
,]� GHILQLcLMH� ��� ����� OLQHDUQRVWL� �ۄήǡήۃ SR� GUXJRM�
NRPSRQHQWL�L�]ERJ�WRJD�ãWR�MH�
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ǡݔ݅ۃ ۄݕ݅ ൌ ǡݔۃ ǡݕۃ��Lۄݕ ۄݔ݅ ൌ ǡݕെ݅ۃ ǡݔ�D�VYH[�ۄݔ ݕ א ܺ��VOLMHGL�
GD�]D�VYDNLߣ� ൌ ߙ ൅ ǡߙ���ǡߚ݅ ߚ א ℝǡ ݅ ൌ ξെͳ�YULMHGL�

ሺݔߣǡ ሻ̰ݕ ൌ ൫ሺߙ ൅ ǡݔሻߚ݅ ൯̰ݕ ൌ�
ൌ ߙሺۃ ൅ ǡݔሻߚ݅ ̰ۄݕ െ ߙሺۃ݅ ൅ ǡݔሻߚ݅ ̰ۄݕ݅ ൌ�

ൌ ǡݕۃ ሺߙ ൅ ۄݔሻߚ݅ െ ǡݕ݅ۃ݅ ሺߙ ൅ ۄݔሻߚ݅ ൌ�
ൌ ǡݕۃߙ ۄݔ ൅ ǡݕۃߚ ۄݔ݅ െ ǡݕ݅ۃߙ݅ ۄݔ െ ǡݕۃߚ݅ ۄݔ ൌ�

ൌ ሺߙ െ ǡݕۃሻሾߚ݅ ۄݔ െ ǡݕ݅ۃ݅ ሿۄݔ ൌ�
ൌ ሺߙ െ ǡݔሻሺߚ݅ ሻ̰ݕ ൌ�

ൌ ǡݔҧሺߣ ��ሻ̰ݕ
JGMH� VPR� VD� ሺήǡήሻ̰� R]QDþLOL� ሺήǡήሻ� X� RGQRVX� QD�RSHUDcLMX�
Ä൅ෝ³��
�

Primjedba 1. 3RND]XMH� VH� GD� NRPSOHNVDQ��
UHIOHNVLYDQ�� VWULNWQR� NRQYHNVDQ� %DQDcKRY� SURVWRU� V�
*aොWHDX[�GLIHUHQcLMDELOQRP� QRUPRP�� VQDEGMHYHQ�
VNDODUQLP� SURL]YRGRP� GHILQLVDQLP� VD� ����� LPD� QHNH�
RVRELQH� LVWH� LOL� VOLþQH�+LOEHUWRYRP� SURVWRUX� �UDG� 3HcR��
âDKRYLü�L�9DM]RYLü��LQ�SUHVV���
�
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7DSLD��5��$���������� �$�&KDUDcWHUL]DWLRQ�RI� ,QQHU�3URGXcW�
SSDcHV�� 3URcHHGLQJV� RI� WKH� $PHULcDQ� 0DWKHPDWLcDO�
SRcLHW\���������������

âDKRYLü�� $�� 9DM]RYLü�� )�� L� 3HcR�� S�� �������� *HQHUDOL]HG�
LQQHU�SURGXcW�RQ�/S�5����1 < ݌ < ∞�VSDcHV�DQG�WKH�+LO�
EHUW� WUDQVIRUP�� 3URcHHGLQJV� RI� WKH� (OHcWURQLc� ,QWHUQD�
WLRQDO�,QWHUGLVcLSOLQDU\�&RQIHUHQcH��(,,&����������������

âDKRYLü�� $��� 9DM]RYLü�� )�� L� 3HcR�� S�� �������� &RQWLQXLW\�
cRQGLWLRQV� IRU� WKH� +LOEHUW� WUDQVIRUP� RQ� TXDVL�+LOEHUW�
VSDcHV��-RXUQDO�RI�0DWKHPDWLcV������������������

9DM]RYLü�� )�� ,� âDKRYLü�� $�� �������� &RVLQH� RSHUDWRU�
IXQcWLRQV� DQG� +LOEHUW� WUDQVIRUPV�� 1RYL� SDG� MRXUQDO� RI�
PDWKHPDWLcV����������������
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